Abstract. We prove formulas for the p-adic logarithm of quaternionic Darmon points on p-adic tori and modular abelian varieties over Q having purely multiplicative reduction at p. These formulas are amenable to explicit computations and are the first to treat Stark-Heegner type points on higher-dimensional abelian varieties.
Introduction
Stark-Heegner points on elliptic curves over Q were defined by Henri Darmon in [5] as conjectural analogues over (abelian extensions of) real quadratic fields of classical Heegner points. Since then, generalizations of these points to higher-dimensional (modular) abelian varieties have not been systematically investigated.
Building on techniques developed in [8] , quaternionic Darmon points on p-adic tori and Jacobians of Shimura curves over Q were introduced in [9] . Recently, a rationality result for projections of Darmon points to elliptic curves (which extends to a quaternionic context the theorem obtained by Bertolini and Darmon in [1] ) has been proved in [10] . Let us briefly review the arithmetic setting in which the theory of [8] and [9] takes place.
Let X 0 (repectively, X 1 ) denote the (compact) Shimura curve of discriminant D > 1 and level M (respectively, M p) for coprime integers D, M and a prime number p ∤ DM (here D is a square-free product of an even number of primes). Let H be the maximal torsion-free quotient of the cokernel of the degeneracy map from H 1 (X 0 , Z) 2 to H 1 (X 1 , Z). It turns out that H is a free abelian group of rank equal to twice the dimension of the p-new quotient J p-new 1 of the Jacobian J 1 of X 1 . Let H be a non-zero torsion-free quotient of H and let K be a real quadratic field in which all the primes dividing M (respectively, Dp) split (respectively, are inert). The p-adic tori on which Darmon points are naturally defined are quotients of tori of the form T H (K p ) := K × p ⊗H by suitable lattices L H contained in T H (Q p ) := Q × p ⊗ H and built, as in [8] , via group (co)homology and p-adic integration. So far, explicit computations with Darmon points (of conductor 1) had been performed only in [10] in the case where H is associated with an elliptic curve over Q of conductor M Dp.
While leading to rationality results for quaternionic Darmon points on elliptic curves over Q that provide evidence for the conjectures formulated in [9] , the one-dimensional setting studied in [10] might obscure one of the features of the theory developed in [8] and [9] , that is, the possibility of defining Darmon points of arbitrary conductor on higher-dimensional (modular) abelian varieties. It is perhaps worthwhile to remark that constructions of this kind lie outside the scope of Darmon's original theory, since Stark-Heegner points are defined directly on elliptic curves over Q (when Shimura curves reduce to classical modular curves, constructions analogous to ours could be made by using Dasgupta's p-adic uniformization of modular Jacobians, cf. [6] ).
The goal of the present paper is to obtain formulas for quaternionic Darmon points on p-adic tori and modular abelian varieties over Q. To describe the main results in detail, we need some further notation. With H as before, let M 0 denote the abelian group of H-valued measures on P 1 (Q p ) with total mass 0. Following [8, Section 4] , one can explicitly introduce a canonical cohomology class µ H ∈ H 1 (Γ, M 0 )
where Γ ⊂ SL 2 (Q p ) is Ihara's group defined in (1) . The abelianization of Γ is a finite group whose exponent will be denoted t. If O K is the ring of integers of K and d K is its discriminant, let O c := Z + cO K be the order of K of conductor c prime to M Dd K p. As in [9] , multiplicative integration over P 1 (Q p ) against a representative µ H of µ H allows us to attach a Darmon point P H,ψ ∈ T H (K p )/L H to every optimal embedding ψ of O c into a fixed Eichler order R 0 of level M in the quaternion algebra over Q of discriminant D. As conjectured in [9, §3.2], the points P H,ψ are expected to be rational over the narrow ring class field of K of conductor c and to satisfy a suitable Shimura reciprocity law under the action of the corresponding Galois group (see [10] for partial results in this direction when c = 1). Now let H p := Z p ⊗ H, let X be the set of primitive vectors in Y := Z 2 p (i.e., those vectors which are not divisible by p) and write D for the group of H p -valued measures on Y that are supported on X. If Γ 0 denotes the group of norm 1 elements in R 0 and π :
With self-explaining notation, we can also choose a 1-cocycleμ H representingμ H such that π * (μ H,γ ) = µ H,γ for all γ ∈ Γ 0 . Let ε c denote a generator of the group of units of O c of norm 1 such that ε c > 1 under a fixed embedding K ֒→ R and set γ ψ := ψ(ε c ) ∈ Γ 0 . Moreover, denote z ψ the fixed point of ψ(K × ) acting on P 1 (K p ) such that ψ(α)(z ψ , 1) = α(z ψ , 1) for all α ∈ K. Finally, fix an algebraic closureQ p of Q p and let m ≥ 1 be the rank of H.
The first main result of this article, which we state below and is Theorem 4.2 in the text, gives a formula for the value at P H,ψ of a continuous homomorphism
/L H (the map Ψ will also be viewed as defined onQ × p via diagonal embedding).
By specializing Theorem 1.1 to a suitable choice of H and Ψ, we can also offer a formula for the images of Darmon points on abelian varieties over Q with purely multiplicative reduction at p, as now we explain.
Let A be a modular abelian variety over Q of dimension d and conductor N := M Dp, which means that A is associated with a (normalized) newform of weight 2 and level N . It is known that A has purely multiplicative reduction at p, i.e., the identity component of the Néron model of A over Z p is a torus over F p . Since J p-new 1 is the maximal toric quotient of J 1 at p, it follows that A is a quotient of J p-new 1 . Moreover, if ǫ ∈ {±} then the ǫ-eigenspace for complex conjugation acting on H A := H 1 (A(C), Z), which we denote H ǫ A , is a free quotient of H of rank d. Set
. As a consequence of the uniformization results of [8] , there is a Galois-equivariant isogeny
. At least when the reduction of A at p is split (a condition that we do not assume in the main body of the article), an explicit description of ϕ A can be given in terms of the Galois-equivariant analytic isomorphism
over Q p due (among others) to Tate, Morikawa and Mumford. Here q 1 , . . . , q d is the lattice inside Q d p generated by the Tate periods q 1 , . . . , q d for A at p, which turns out to be homothetic to L A (Theorem A.2). The reader can find details about these constructions in Appendix A.
Regarding ǫ as fixed, for every optimal embedding ψ of O c into R 0 we define
. These are the Darmon points (of conductor c) on A alluded to before. To state our formula for the points P A,ψ , let C p be the completion ofQ p and recall that the theory of Lie groups gives a logarithm map log A :
The second main result of this paper, which corresponds to Theorem 5.4 and can be deduced from Theorem 1.1 by taking H = H ǫ A and Ψ = Ψ A , is
By choosing f = id A in Theorem 1.2, we obtain
This is the first formula for points of Stark-Heegner type on higher-dimensional abelian varieties. When A is an elliptic curve Corollary 1.3 essentially reduces to [10, Corollary 3.4] . However, it might be useful to notice that
• the result in [10, Corollary 3.4] only deals with Darmon points of conductor c = 1, while in Theorem 1.2 there are no restrictions on c (except for the standard ones requiring c to be coprime with M Dd K p); • Corollary 1.3 expresses the logarithm of P A,ψ in terms of integrals against an arbitrary liftμ A , while in [10, Corollary 3.4] a specific choice is made (using a control theorem for cohomology groups in Hida families).
The above restrictions in the case of elliptic curves are crucial for the proof of the rationality results in [10] , but the more general approach presented here does not require any of these assumptions. The interest in having such formulas at our disposal is (at least) twofold. On the one hand, since the construction of measure-valued cocycles in [8] is entirely explicit, Theorem 1.2 allows us to compute (at least in principle) the points in the orbit of any Darmon point on A under the action of the endomorphism ring of A (cf. also Corollary 5.6). On the other hand, an integral expression for the logarithm of P A,ψ like the one of Corollary 1.3 will presumably play a crucial role in the proof of rationality results for genus character combinations of Darmon points on A of the type obtained in [10] in the case of elliptic curves. We plan to investigate these questions in a future project.
2. Measure-valued cohomology 2.1. Homology of Shimura curves and measures. We recall notation and results of [8] . Let D > 1 be a square-free product of an even number of primes, let M ≥ 1 be an integer prime to D and fix a prime number p not dividing M D. Let B be the (indefinite) quaternion algebra over Q of discriminant D. Let R 0 ⊂ R 1 be Eichler orders of B of level M and M p, respectively. For i = 0, 1 write Γ i for the group of units of norm 1 in R i and consider the (compact) Shimura curve X i := Γ i \H, where H is the complex upper half-plane and the action of B × on P 1 (C) is by Möbius (i.e., fractional linear) transformations via a fixed isomorphism of R-algebras
Let ω p be an element in R 0 of reduced norm p that normalizes Γ 1 and denote
the two degeneracy maps. Moreover, let
be the map induced in singular homology by pull-back. In terms of group homology, it corresponds to the map is the p-new quotient (i.e., the maximal toric quotient at p) of the Jacobian variety J 1 of X 1 and g is the dimension of J p-new 1 then H is a free abelian group of rank 2g. Throughout this paper fix a non-zero torsion-free quotient H of H.
Fix an isomorphism of Q p -algebras
Let n : B → Q denote the reduced norm map and define Ihara's group Γ as
Write M for the group of H-valued measures on P 1 (Q p ) and M 0 for the subgroup of M consisting of those measures with total mass 0. There is a canonical left action of GL 2 (Q p ) on M and M 0 given by the integration formula (2)
for all step functions ϕ :
. Then B × acts on M and M 0 via i p and the embedding B ֒→ B ⊗ Q p .
2.2.
Harmonic cocycles, radial systems and Hecke algebras. In the following lines we review the construction of a canonical element
Let T be the Bruhat-Tits tree of PGL 2 (Q p ) (see [19, Ch. II, §1]), whose set of vertices (respectively, oriented edges) will be denoted V (respectively, E). The unit groups B × and (B ⊗ Q p ) × act on the left on T via i p . Let v * ∈ V denote the distinguished vertex of T corresponding to the maximal order M 2 (Z p ) of M 2 (Q p ), and say that a vertex v ∈ V is even (respectively, odd) if its distance from v * is even (respectively, odd). Moreover, denotev * the vertex corresponding to
, fix the edge e * = (v * ,v * ) ∈ E and say that an edge e = (v 1 , v 2 ) ∈ E is even (respectively, odd) if v 1 is even (respectively, odd). Write E + for the set of even vertices of T . Finally, if e = (v 1 , v 2 ) writeē for the reversed edge (v 2 , v 1 ).
For
If A is an abelian group then a function c : E → A is said to be an harmonic cocycle with values
• s(v) = 0 for all v ∈ V. Let F har denote the abelian group of H-valued harmonic cocycles. There is a canonical isomorphism
given by the following recipe. Recall that Γ acts transitively on E and the stabilizer of e * in Γ is Γ 1 . For any e ∈ E choose γ ∈ Γ such that γ(e * ) = e and set U e := γ(Z p ). The family {U e } e∈E is a basis of compact open subsets of P 1 (Q p ). Given any c ∈ F har , we may define a measure ν ∈ M 0 by the formula ν(U e ) := c(e). This sets up a canonical isomorphism between F har and M 0 , from which one deduces (3). For details see, e.g., [7, Lemma 27] 
In light of (3), our task is to describe a canonical element in H 1 (Γ, F har ). SetΓ 0 := ω p Γ 0 ω −1 p . A system of representatives Y = {γ e } e∈E + for the cosets in Γ 1 \Γ is said to be radial if there are sets of representatives
for the cosets inΓ 0 \Γ such that the following conditions hold:
•
Choose a radial system of representatives Y for the cosets in Γ 1 \Γ (which exists by [8, Proposition 4.8] ) and define F 0 to be the abelian group of H-valued functions ϕ on E such that ϕ(ē) = −ϕ(e). The group F 0 is endowed with the action of B × given by the formula (g · ϕ)(e) := ϕ(g −1 (e)), which agrees with the action already defined on the subgroup F har of F 0 via (2) and isomorphism (3). • if γ ∈ Γ and e ∈ E + let g γ,e ∈ Γ 1 be defined by the equation γ e γ = g γ,e γ γ −1 (e) , then set µ
denote the map arising by taking Γ-cohomology of the short exact sequence
where For a prime ℓ ∤ M p let S ℓ denote the set of elements in R 0 ⊗ Z Z ℓ with non-zero norm. For a prime ℓ|M p let n ℓ be the maximal power of ℓ dividing M p. For primes ℓ = p with ℓ|M fix an isomorphism of Q ℓ -algebras
is the order consisting of matrices a b c d ∈ M 2 (Z ℓ ) with ℓ n ℓ |c. For all primes ℓ|M p define S ℓ to be the inverse image via i ℓ of the semigroup consisting of matrices
the product being taken over all primes ℓ = p. Finally, let T stand for the Hecke algebra associated with the pair (Γ, S) (see [8, §2.3] for details). As recalled in [8, §2.1], the algebra T acts on the cohomology group H 1 (Γ, M ) for any left S-module M . In particular, for every prime r we have an action of the Hecke operator T r ∈ T on H 1 (Γ, F 0 ). Now define
to be the class obtained by fixing a prime number r ∤ M Dp and applying the Hecke operator t r := T r − (r + 1) ∈ T to the class of µ Y H in H 1 (Γ, F har ). As shown in [8, Lemma 4.11] , this operation has the effect of making µ H independent of the choice of Y made above. Finally, fix a representative µ H of µ H . We will use the same symbol µ H for the element in H 1 (Γ, M 0 ) corresponding to µ H via isomorphism (3).
3. Darmon points on p-adic tori 3.1. Homology and p-adic integration. Set
where G m is the multiplicative group (viewed as a functor on commutative Q-algebras).
Write H p := C p − Q p for Drinfeld's p-adic plane, let D := Div(H p ) be the group of divisors on H p and let D 0 := Div 0 (H p ) be the subgroup of divisors of degree 0. Then there is a short exact sequence
induced by the degree map. The long exact sequence in homology associated with (5) gives a boundary map
Here the limit is taken over increasingly fine covers U of P 1 (Q p ) by disjoint compact open subsets and t U ∈ U is a sample point. This limit of Riemann products converges because ν is a measure, and is independent of the choice of f d because ν has total mass 0. The above formula sets up a pairing , :
. By construction, this pairing factors through H 0 (Γ, D 0 ⊗ Z M 0 ) and thus, by cap product, we can also define a pairing
we get a map
canonically attached to µ H . Finally, composing (6) and (8) we obtain a map
Denote L H the image of Φ. One can show that L H is a Hecke-stable lattice contained in
be the cohomology class represented by the 2-cocycle 
for all γ 1 , γ 2 ∈ Γ. The map β z is well defined only up to elements in Hom(Γ, T H /L H ). To deal with this ambiguity, recall that the abelianization Γ ab of Γ is finite ([9, Proposition 2.1]). Hence if t is the exponent of Γ ab then t · β z is well defined. However, since d z depends on the choice of µ H , the map t · β z may depend on the choice of a representative for µ H .
Darmon points on
Let ψ : K ֒→ B be an optimal embedding of O c into R 0 , i.e. an embedding of K into B such that
Write Emb(O c , R 0 ) for the set of such embeddings. The group Γ 0 acts on Emb(O c , R 0 ) by conjugation. Let τ denote the generator of Gal(K p /Q p ). If ψ : K ֒→ B is an embedding of Q-algebras then the quadratic form Q ψ (x, y) with coefficients in Q p associated with ψ is defined by
We can factor Q ψ (x, y) as
where z ψ ,z ψ ∈ K p − Q p are the roots of the equation cz 2 − 2az − b = 0 and τ (z ψ ) =z ψ . The two roots z ψ andz ψ are the only fixed points for the action of ψ(K × ) on P 1 (K p ) by fractional linear transformations via i p . We may also order z ψ andz ψ by requiring that
for all α ∈ K. By Dirichlet's unit theorem, the abelian group of units of norm 1 in O c is free of rank 1. Let ε c be a generator of this group such that ε c > 1 with respect to the fixed embedding K ֒→ R and set γ ψ := ψ(ε c ) ∈ Γ 0 . Definition 3.1. The Darmon points of conductor c on T H (K p )/L H are the points
The points P H,ψ (or, rather, their images on abelian varieties) are expected to be rational over H + c and to satisfy a suitable Shimura reciprocity law under the action of G + c : the reader is referred to [9, §3.2] for precise conjectures and to [10] for partial results in this direction.
The next two propositions generalize to H results that were proved in [9] for H. Although the proofs are similar, we add some details for the convenience of the reader. Proof. Let µ and µ ′ be two representatives for µ H , so that there exists m ∈ M 0 such that
If we set
(In particular, this shows that the 2-cocycles d z ψ and d ′ z ψ defined as in (9) by using µ and µ ′ , respectively, are cohomologous.) Writeν for the composition of ν with the projection onto
Since γ ψ (z ψ ) = z ψ and m has total mass 0, equation (10) shows that t · ν(γ ψ ) = 1. By definition of the Darmon point P H,ψ , the result follows from this and equation (11) .
The following proposition studies the dependence of P H,ψ on ψ.
Proposition 3.3. The point P H,ψ depends only on the Γ 0 -conjugacy class of ψ.
Proof. Fix γ ∈ Γ 0 and set ψ ′ := γψγ −1 . Recall the radial system Y = {γ e } e∈E + used to compute µ H and introduce the set 
for v ∈ V + , and
for v ∈ V − . To prove the last equalities in the above equations, observe that e | s(e) = γ(v) = γ(e) | s(γ(e)) = γ (v) and that the same is true for t(e) replacing s(e). Since γ ∈ Γ 0 , one has that
But Γ 0 acts transitively on the sets V + and V − , hence
The final observation to prove that Y ′ is radial is that, trivially,
with γ e γ 2 = g γ 2 ,e γ e ′ . Conjugating by γ gives
. This shows that
. Applying t r to the above equation, we get
The first equality follows from (12), the second follows because γ · f, γ · ν = f, ν and, if d is a divisor, γ · f d = f γd (for these properties, see [8, §5.1]), the third is obvious and the fourth is due to the fact that γz ψ = z γψγ −1 . If β ′ z ψ ′ splits the 2-cocycle
then (13) ensures that for allγ ∈ Γ we can take Denote by
the fibration defined by (a, b) → a/b. By [8, Theorem 7.5] , the canonical map
where res Γ 0 is the canonical restriction map in cohomology. As explained in [8, §7.3], we can choose a representativeμ H ofμ H such that π * (μ H,γ ) = µ H,γ for all γ ∈ Γ 0 (here π * stands for the map induced by π between spaces of measures). Namely,
for all γ ∈ Γ 0 and all compact open subsets U ⊂ P 1 (Q p ). From now on we fix such aμ H .
For any compact open subset U ⊂ Y let D U denote the subset of the measures on Y which are supported on U . Thus, in particular, D X = D. Define
Shapiro's lemma provides canonical isomorphisms
Now we may consider the Hecke algebra T 1 associated with the pair (Γ 1 , S 1 ) where
and the product is taken over all prime numbers ℓ (the local factors S ℓ are defined before equation (4)). See [8, §2.2] for details. By definition, the Hecke operator U p ∈ T 1 is given by U p = Γ 1 g 0 Γ 1 for an element g 0 ∈ R 1 of norm p. We also have the Atkin-Lehner involution
Since the Hecke algebra T 1 acts on H 1 (Γ 1 , D ∞ ), we may use S andŜ to define Hecke operators
and 
4.2.
An integral formula for Darmon points on tori. We need to recall an auxiliary result from [10] . Let G = G 1 * G 0 G 2 be the amalgamated product of the groups G 1 and G 2 along the subgroup G 0 . Let A be an abelian group and consider the portion of the Mayer-Vietoris exact sequence given by
To simplify notations, in the next lemma we use the same symbols to denote cochains and cocycles representing them.
Lemma 4.1. Let G be as above and assume that • c = ∆(ρ) for some ρ ∈ H 1 (G 0 , A), so there are 1-cochains θ 1 ∈ C 1 (G 1 , A) and θ 2 ∈ C 1 (G 2 , A) such that c |G 1 = δ(θ 1 ) and c |G 2 = δ(θ 2 ), where δ is the connecting map and
Proof. An application of the universal property of the amalgamated product. For details, see [10] .
From here on fix an algebraic closureQ p of Q p . Let m ≥ 1 be the rank of H and fix an isomorphism H ≃ Z m , which allows us to identify
By pre-composing it with the projection onto the quotient (respectively, with the diagonal embedding and the projection onto the quotient) we will also view Ψ as defined on T H (Q p ) (respectively, onQ × p ). The first main result of this article is
Proof. To begin with, observe that x − z ψ y ∈ (O K ⊗ Z p ) × when (x, y) ∈ X. Define the 1-cochain ρ on Γ 0 with values in T H (K p ) by the formula
Moreover, define the 1-cochainρ onΓ 0 with values in T H (K p ) bŷ
Following verbatim the proofs of [8, Propositions 7.10 and 7.13] after replacing the branch log p of the p-adic logarithm with the map Ψ, we see that ρ andρ split the restrictions of Ψ(d) to Γ 0 and Γ 0 , respectively. Thus Ψ(d z ) = ∆(ρ −ρ) where ∆ is the connecting map in the Mayer-Vietoris exact sequence and ρ −ρ is the class in H 1 (Γ 1 , T H (K p )) represented by ρ −ρ. We already know that the 2-cocycle Ψ d z is split by Ψ(β z ). Hence
where δ is the connecting map on cochains. Since Γ = Γ 0 * Γ 1Γ 0 and t annihilates Γ ab , the result follows from Lemma 4.1.
Formulas for Darmon points on abelian varieties
5.1. Modular abelian varieties and isogenous tori. From now on let A /Q be a d-dimensional modular abelian variety of conductor N := M Dp. Therefore A is attached to a (normalized) newform f of weight 2 and level N via the Shimura construction. Namely, let f (q) = n≥1 a n (f )q n be the q-expansion of f , let F stand for the number field (of degree d) generated over Q by the Fourier coefficients a n (f ) of f and denote O F the ring of integers of F . Consider the homomorphism of algebras
whenever ℓ is a prime not dividing N . Then, as explained in [21, §3.4.4] , A is isogenous over Q to the maximal abelian subvariety of J 1 killed by ker(λ f ). Since p||N , it is known that A has purely multiplicative reduction at p, i.e., the identity component of the special fibre of the Néron model of A over Z p is a torus over F p (cf. [11, §14] ). Equivalently, the reduction of A at p is semistable of toric dimension d. Since J p-new 1 is the maximal toric quotient of J 1 at p, it follows that A is a quotient of J p-new 1 . Set H A := H 1 (A(C), Z), choose a sign ǫ ∈ {±} and write H ǫ A for the ǫ-eigenspace for complex conjugation acting on H A . Thus H ǫ A is a free abelian group of rank d; fix an isomorphism 
5.2.
Darmon points on A. By Theorem 5.1 and Remark 5.2, we can fix a Galois-equivariant isogeny (14) ϕ
. These are the Darmon points of conductor c on A. Since the sign ǫ ∈ {±} has been chosen once and for all, from here only we shall simply write P A,ψ = P ǫ A,ψ . By Proposition 3.3, P A,ψ = P A,ψ ′ whenever ψ and ψ ′ are Γ 0 -conjugate. In the next subsection we will give an integral expression for a suitable logarithm of the Darmon points P A,ψ on A.
5.
3. An integral formula for Darmon points on A. Our goal is to describe a formula for Darmon points on A which is a consequence of Theorem 4.2. In doing this, we replace the homomorphism Ψ appearing in §4.2 with a map of particular arithmetic significance.
Let C p be the completion ofQ p and let G be a finite-dimensional commutative Lie group over C p (see [3, Ch. III, §1]). The Lie algebra Lie(G) of G is the tangent space of G at the identity and is a C p -vector space of dimension dim(G). Let G f be the smallest open subgroup of G such that the quotient G/G f is torsion-free. As explained in [3, Ch. III, §7.6], there is a canonical analytic homomorphism log : G f −→ Lie(G). The map log is a local diffeomorphism and its kernel is the torsion subgroup of G f .
In the special case where Theorem 4.1]) , hence G f = G and we get a logarithm map
on the p-adic points of A whose kernel is the torsion subgroup of A(C p ). Fix an isomorphism Lie(A(C p )) ≃ C d p . As remarked in [20, §1] , log A (A(H)) ⊂ H d for every complete subfield H of C p , so that, in particular, log A (P ) ∈ K d p for all P ∈ A(K p ). Remark 5.3. It is known that log A essentially coincides with the logarithm map introduced by Bloch and Kato in their fundamental paper [2] on the Tamagawa number conjecture for motives (cf. [2, Example 3.11]).
Composing log A with the map ϕ A introduced in (14) gives an analytic homomorphism
A . Now let f be an endomorphism of A /Cp and let f * : Lie(A(C p )) → Lie(A(C p )) be the linear map induced by f . By [20, §1] , the maps log A and f commute, in the sense that (15) log
With notation as in §4.1, for simplicity setμ A :=μ H ǫ A . Let ψ ∈ Emb(O c , R 0 ) and recall the Darmon point P A,ψ ∈ A(K p ) defined in §5.2. The second main result of this paper is
Proof. Immediate from Theorem 4.2 upon taking H = H ǫ A , Ψ = Ψ A and using (15) .
By choosing f = id A in Theorem 5.4, we deduce
While the validity of Theorem 5.4 is unconditional, now we describe a refinement that depends on a technical assumption. As shown in [3, Ch. III, §7, Proposition 10], there is an open neighbourhood V of the identity in A(C p ) such that log A | V is the inverse of the restriction of the exponential map
Corollary 5.6. With notation as before, assume that f (P A,ψ ) ∈ V . Then
Proof. Since f (P A,ψ ) ∈ V , the claim follows by applying exp A to both sides of the equality in Theorem 5.4.
In other words, Corollary 5.6 says that if the point f (P A,ψ ) is "sufficiently close" to the identity of A then we can exhibit a formula not only for the logarithm of f (P A,ψ ) but also for f (P A,ψ ) itself.
Appendix A. The p-adic uniformization of abelian varieties
We review the p-adic uniformization theory of abelian varieties A over Q with purely split multiplicative reduction at p and, under this assumption, we describe an explicit construction of the isogeny ϕ A appearing in §5.2.
A.1. Review of Tate-Morikawa-Mumford theory. Let A /Q be an abelian variety of dimension d with purely split multiplicative reduction at p. This means that the identity component of the special fibre of the Néron model of A over Z p is a split torus over F p . Such an abelian variety is a higher-dimensional analogue of Tate's p-adic elliptic curve (see, e.g., [18, §A.1.1]). Thanks to results due (among others) to Tate, Morikawa and Mumford ([12] , [13] , [14] , [15] ), which now we briefly describe, this condition guarantees that A admits an analytic uniformization locally at p. A.2. Modularity and homothetic lattices. Now assume that the d-dimensional abelian variety A /Q has conductor M Dp and is modular. As remarked in §5.1, it is known that A has purely multiplicative reduction at p, and we suppose, in addition, that the reduction is split, so that the results reviewed in §A.1 apply.
Recall the d-dimensional p-adic torus T A and the Hecke-stable lattice L A inside T A (Q p ) defined in §5.1. As in [7, Definition 29], we say that two lattices Λ 1 and Λ 2 in (K × p ) d are homothetic if Λ 1 ∩ Λ 2 has finite index both in Λ 1 and in Λ 2 .
The following result, asserting that L A is homothetic to the lattice of Tate periods for A at p, extends [8, Theorem 7.16 ] from elliptic curves to abelian varieties of higher dimension. Raising to the n-th power gives a Galois-equivariant isogeny of p-adic tori (17) T
defined over Q p , and then composing (17) with Φ Tate yields a Galois-equivariant isogeny
This gives an explicit construction of the isogeny introduced in (14) .
